On The Complexity of Bounded Time Reachability

for Piecewise Affine Systems*

H. Bazille®> O.Bournez' W.Gomaa®>* A. Pouly’

Ecole Polytechnique, LIX, 91128 Palaiseau Cedex, France
2Egypt Japan University of Science and Technology, CSE, Alexandria, Egypt
3ENS Cachan/Bretagne et Université Rennes 1, France

4Faculty of Engineering, Alexandria University, Alexandria, Egypt

September 23, 2014

*This work was partially supported by DGA Project CALCULS.
Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 —oo /17



@ Introduction
@ Piecewise Affine Systems
@ Problems

e Proof

@ Complexity
@ Hardness

e Conclusion

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 —o0 /17



Piecewise Affine System (1)

General Model
@ vector space: H = K¢

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 1/17



Piecewise Affine System (1)

General Model
@ vector space: H = K¢

@ partition of the space: H = U/ H;
H,; = convex polyhedron = {x | Mix < v;} M; e Q9% v, € Q¢

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 1/17



Piecewise Affine System (1)

General Model
@ vector space: H = K¢
@ partition of the space: H = U/ H;
H,; = convex polyhedron = {x | Mix < v;} M; e Q9% v, € Q¢
@ piecewise affine function f: H — H

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 1/17



Piecewise Affine System (1)

General Model

@ vector space: H = K¢
@ partition of the space: H = U/ H;

H,; = convex polyhedron = {x | Mix < v;} M; e Q9% v, € Q¢
@ piecewise affine function f: H — H
f(x) = Aix + b; for x € H; A€ Q99 b e QY

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 1/17



Piecewise Affine System (1)

General Model
@ vector space: H = K¢
@ partition of the space: H = U/ H;

H,; = convex polyhedron = {x | Mix < v;} M; e Q9% v, € Q¢
@ piecewise affine function f: H — H
f(x) = Aix + b; for x € H; A€ Q99 b e QY

e trajectory: x, f(x), fl(x), ..., fll(x), ...

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 1/17



Piecewise Affine System (1)

General Model
@ vector space: H = K¢
@ partition of the space: H = U/ H;

H,; = convex polyhedron = {x | Mix < v;} M; e Q9% v, € Q¢
@ piecewise affine function f: H — H
f(x) = Aix + b; for x € H; A€ Q99 b e QY

e trajectory: x, f(x), fl(x), ..., fll(x), ...

= Discrete time dynamical system

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 1/17



Piecewise Affine System (1)

General Model
@ vector space: H = K¢
@ partition of the space: H = U/ H;

H,; = convex polyhedron = {x | Mix < v;} M; e Q9% v, € Q¢
@ piecewise affine function f: H — H
f(x) = Aix + b; for x € H; A€ Q99 b e QY

e trajectory: x, f(x), fl(x), ..., fll(x), ...

= Discrete time dynamical system

Three cases:
@ K = N: integer case
@ K =[0,1]: continuous bounded case
@ K = R: continuous unbounded case

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 1/17



Piecewise Affine System (1)

General Model
@ vector space: H = K¢
@ partition of the space: H = U/ H;

H,; = convex polyhedron = {x | Mix < v;} M; e Q9% v, € Q¢
@ piecewise affine function f: H — H
f(x) = Aix + b; for x € H; A€ Q99 b e QY

e trajectory: x, f(x), fl(x), ..., fll(x), ...

= Discrete time dynamical system

Three cases:
@ K = N: integer case — Very different from [0, 1] and R
@ K =[0,1]: continuous bounded case
@ K = R: continuous unbounded case

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 1/17




Piecewise Affine System (1)

General Model
@ vector space: H = K¢
@ partition of the space: H = U/ H;

H,; = convex polyhedron = {x | Mix < v;} M; e Q9% v, € Q¢
@ piecewise affine function f: H — H
f(x) = Aix + b; for x € H; A€ Q99 b e QY

e trajectory: x, f(x), fl(x), ..., fll(x), ...

= Discrete time dynamical system

Three cases:
@ K = N: integer case — Very different from [0, 1] and R
@ K =[0,1]: continuous bounded case — Our case
@ K = R: continuous unbounded case

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 1/17




Piecewise Affine System (1)

General Model
@ vector space: H = K9
@ partition of the space: H = U/ H;

H; = convex polyhedron = {x | Mix < v;} M; e Q9%9 v; ¢ Q9
@ piecewise affine function f : H — H
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= Discrete time dynamical system

Three cases:
@ K = N: integer case — Very different from [0, 1] and R
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Piecewise Affine System (2)

f continuous

2x if x €[0,}
f(x) = 10l
2-2x ifxe[3,1]

I I I I I I
0 02 04 06 08 1

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 2/17



Piecewise Affine System (2)
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. 1 . 1

f(x) = {ix , !fx € [(1), 5l f(x) = {Zx !fx € [(1), 5[
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Example

2x if x € [0, 3] _
BBy e [%’1] Trajectory

i , 0

f(x) =

Nl= ——
PO
—

08| | x = 0.5625
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Example

i 1 .
F(x) = 2x if x € [0,3] | Trajectory
2-2x ifxe[p1] | | | -
0 1 X f(x) 1
10
0.8} B
N | x = 0.5625
0.4 4 f(X) = 0875
0.2} B
ol y
0 02 04 06 08 1
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Example
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—
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Example

Trajectory
181 (x) f141(x)
() = 2x if xe[0,3] | | | - L
l2-2x ifxe[f1] )0 By X f(x) 1
A X = 0.5625
| | f(x) = 0.875
04 ] f?l(x) = 0.25
0.2 1 f[S}(X) — 05
i 0 02z 04 06 08 1 - f[4](X) =1
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Example

Trajectory
Function
51 x) £181(x) fl4(x)
| 1 | | | I
2 if 1] | 1 X) 1
f={2  Txelal o gepy 3 fx) 1
2-2x ifxelz1]
| x = 0.5625
! f(x) = 0.875
06 fBl(x) = 0.25
04 3] =
8 f*l(x) = 0.5
i 4 (x) = 1
0 02 04 06 08 1 f[S](X) -0
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Example

Trajectory
Function
51 x) 3(x) i (x)
| | [ | |
2 if 1l ' ) %) 1
f={2  Txelal o gepy 3 fox) 1
2-2x ifxel[z,1]
| x = 0.5625
! f(x) = 0.875
o fel(x) = 0.25
04 [3] _
5 f*l(x) = 0.5
. ‘ | | | | ‘ f[4](x) = 1
0 02 04 06 08 1 ) f[n](X) =0 n>=>5
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Example

Trajectory
) = 2x if x € [0, 3] 5] x) £81(x) f4(x)
Cl2-2x ifxe[i1] ] | = - ]
0 f121(x) 1 X f(x) 1
i
o8 x = 0.5625
0.6 1
ol | f(x) = 0.875
02 1 fl(x) = 0.25
;. ] fBl(x) =05
0 02 04 06 08 1
Remark 00 =1
Trajectory depends on the bi- l(x)=0 n=5
nary expansion of x
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Existings Results

Problem: REACH-REGION
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.
— Theorem (Koiran, Cosnard, Garzon)
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Existings Results

Problem: CONTROL-REGION

@ Input: 7 : [0,1]¢ — [0, 1]9 continuous, piecewise affine

@ Input: Ry, R: convex regions of [0, 1]9
@ Question: Vx ¢ Ry,3te N, fll(x) c R ?

Example

Theorem (Blondel, Bournez, Koiran,

7Zf(X)

Y

£l3] (x) Tsitsiklis)

flel

2 X
/
/
77777777777777N

CONTROL-REGION
ford > 2

iy

is undecidable

Proof (Idea)

chine

Harder simulation of a Turing Ma-

v
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@ Input: 7:[0,1]9 — [0, 1]9 continuous, piecewise affine
@ Input: Ry, R: convex regions of [0,1]9, T € N in unary
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Statement

Problem: REACH-REGION-TIME
@ Input: 7:[0,1]9 — [0, 1]9 continuous, piecewise affine
@ Input: Ry, R: convex regions of [0,1]9, T € N in unary
@ Question: Ix € Ry, It < T,fll(x) e R?

REACH-REGION-TIME is in NP. \
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Definition

The signature o(x) € {0,...,n}" of
x is defined by:

) =j & Mx)eR
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Example

Definition
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)

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 7117



Definition

The signature o(x) € {0,...,n}" of
x is defined by:

) =j & Mx)eR

o(x) = (0,1,4,3,...)
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Hx)7 fBl(x) | | The signature o(x) € {0,...,n}" of
* x is defined by:
R3 .
oi(x)=j & flx)eR
If o(x)=(r1,r2,...,11,...) then
il
f[z]l IXI f[t](x):Afz("'(Af1X+bf1)'")+be
L e
o(x)=(0,1,4,3,...) )
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E—
The signature o(x) € {0, ..., MY of
Z x is defined by:

) =j & Mx)eR

Lemma

If o(x)=(r1,r2,...,1,...)then

f[t](x) :Afr("'(Af1X+bf1)"') +bfr
= Co+d0

Furthermore (s(X) =coeff size):

s(C,, d,) = poly(s(A), s(b), t)
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Algorithm

Given f, Ry, R=Rp,and T:

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 8/17



Algorithm

Given f, Ry, R=Rp,and T:
@ Guesst< T <+ Nondeterministic polynomial

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 8/17



Algorithm

Given f, Ry, R=Rp,and T:
@ Guesst< T <+ Nondeterministic polynomial
@ Guess signature rq, ..., r_4 + Nondeterministic polynomial

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 8/17



Algorithm

Given f, Ry, R=Rp,and T:
@ Guesst< T <+ Nondeterministic polynomial
@ Guess signature rq, ..., r_4 + Nondeterministic polynomial
@ Guess x € QY of polynomial size «+ Nondeterministic polynomial

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 8/17



Algorithm

Given f, Ry, R=Rp,and T:
@ Guesst< T <+ Nondeterministic polynomial
@ Guess signature rq, ..., r_4 + Nondeterministic polynomial
@ Guess x € QY of polynomial size «+ Nondeterministic polynomial
@ Check that fll(x) € R, for all i € {0, ..., t}:

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 8/17



Algorithm

Given f, Ry, R=Rp,and T:
@ Guesst< T <+ Nondeterministic polynomial
@ Guess signature rq, ..., r_4 + Nondeterministic polynomial
@ Guess x € QY of polynomial size «+ Nondeterministic polynomial
@ Check that fll(x) € R, for all i € {0, ..., t}:
fl(x) € R, & M.(Cix + d;) < v + Polynomial size

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 8/17



Algorithm

Given f, Ry, R=Rp,and T:
@ Guesst< T <+ Nondeterministic polynomial
@ Guess signature rq, ..., r_4 + Nondeterministic polynomial
@ Guess x € QY of polynomial size «+ Nondeterministic polynomial
@ Check that fll(x) € R, for all i € {0, ..., t}:
fl(x) € R, & M.(Cix + d;) < v + Polynomial size
@ Accept if all systems are satisfied

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 8/17



Algorithm

Given f, Ry, R=Rp,and T:
@ Guesst< T <+ Nondeterministic polynomial
@ Guess signature rq, ..., r_4 + Nondeterministic polynomial
@ Guess x € QY of polynomial size «+ Nondeterministic polynomial
@ Check that fll(x) € R, for all i € {0, ..., t}:
fl(x) € R, & M.(Cix + d;) < v + Polynomial size
@ Accept if all systems are satisfied

Theorem (Koiran)

Every satisfiable rational linear system Ax < b has a rational solution
of polynomial size.
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Statement

Problem: REACH-REGION-TIME
@ Input: 7:[0,1]9 — [0, 1]9 continuous, piecewise affine
@ Input: Ry, R: convex regions of [0,1]9, T € Nin unary
@ Question: 3x € Ry, 3t < T,fll(x) c R?

REACH-REGION-TIME is NP-hard for d > 2. \
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L= {x|3y,lyl <poly(|x|) and (x,y) € L'}
@ Define f a piecewise affine function which simulates £’:

(x,) € £ & 3t < poly(Ix], ly)), (v(x,y)) € R

@ Define region Ry = {v(x,y)||y| < poly(|x|)}
@ Reduce £ to REACH-REGION-TIME:

x € L < 3t < poly(|x|),3u e Ry, fll(u) e R
Tricky points

@ R, is not a convex polyhedron: replace it with its convex hull Ry
@ Choice of £ ?
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More on tricky points

Rx = {initial configuration} R, = convex hull of Ry
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More on tricky points

Rx = {initial configuration} R, = convex hull of Ry

Problem
R, \ Ry contains bizarre points J
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More on tricky points

Rx = {initial configuration} R, = convex hull of Ry

Problem
R, \ Ry contains bizarre points

|

Example
@ Take u € Ry \ Ry, assume x ¢ L
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More on tricky points

Rx = {initial configuration} R, = convex hull of Ry

Problem
R, \ Ry contains bizarre points

|

Example

@ Take u € Ry \ Ry, assume x ¢ L
@ u # ¢Y(x,y) for all x, y — point normally inacessible
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More on tricky points

Rx = {initial configuration} R, = convex hull of Ry

Problem
R, \ Ry contains bizarre points

|

Example
@ Take u € Ry \ Ry, assume x ¢ L
@ u # ¢Y(x,y) for all x, y — point normally inacessible
@ f(u) may be uncontrolled
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More on tricky points

Rx = {initial configuration} R, = convex hull of Ry

Problem
R, \ Ry contains bizarre points

|

Example
@ Take u € Ry \ Ry, assume x ¢ L
@ u # ¢Y(x,y) for all x, y — point normally inacessible
@ f(u) may be uncontrolled
e if 3t, fl(u) € R, system wrongly accepts x
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More on tricky points

Ry = {initial configuration} R, = convex hull of Ry

Problem
R, \ Ry contains bizarre points

@ Take u € Ry \ Ry, assume x ¢ L

@ u # ¢Y(x,y) for all x, y — point normally inacessible

@ f(u) may be uncontrolled

e if 3t, fl(u) € R, system wrongly accepts x J
Sowhat?

@ The simulation of £" has to be studied for bizarre points too

v
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More on tricky points

Ry = {initial configuration} R, = convex hull of Ry

Problem
R, \ Ry contains bizarre points

@ Take u € Ry \ Ry, assume x ¢ L

@ u # ¢Y(x,y) for all x, y — point normally inacessible

@ f(u) may be uncontrolled

e if 3t, fl(u) € R, system wrongly accepts x J
Sowhat?

@ The simulation of £" has to be studied for bizarre points too

@ This is difficult for most languages

v
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And the winner is...
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And the winner is...

Problem SUBSEM-SUM
@ Input: a goal B € N and integers Ay,...,Ap € N
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And the winner is...

Problem SUBSEM-SUM
@ Input: a goal B € N and integers Ay,...,Ap € N
@ Question: 3/ {1,...,n},>",,,A=B?
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And the winner is..

Problem SUBSEM-SUM

@ Input: a goal B € N and integers Ay,...,Ap € N
@ Question: 3/ C {1,...,n},>,,,A=8B?

Simulation (1)

@ Configuration: (/,0,¢j,...,ep) ie{l,....,n+1},¢;€{0,1}
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And the winner is...

Problem SUBSEM-SUM
@ Input: a goal B € N and integers Ay,...,Ap € N
@ Question: 3/ C {1,...,n},>,,,A=8B?

Simulation (1)
@ Configuration: (/,0,¢j,...,ep) ie{l,....,n+1},¢;€{0,1}

i = current number o = current sum gj = pick A; ?
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And the winner is...

Problem SUBSEM-SUM
@ Input: a goal B € N and integers Ay,...,Ap € N
@ Question: 3/ C {1,...,n},>,,,A=8B?

Simulation (1)
@ Configuration: (/,0,¢j,...,ep) ie{l,....,n+1},¢;€{0,1}
i = current number o = current sum gj = pick A; ?

@ Transition:

(i,0,61,...,en) ~ (I+1,04+¢€jAi,€i11s---,€n)
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And the winner is...

Problem SUBSEM-SUM
@ Input: a goal B € N and integers Ay,...,Ap € N
@ Question: 3/ C {1,...,n},>,,,A=8B?

Simulation (1)

@ Configuration: (i,0,¢j,...,ep) ie{l,...,n+1},& € {0,1}

i = current number o = current sum gj = pick A; ?

@ Transition:
(i,0,61,...,en) ~ (I+1,04+¢€jAi,€i11s---,€n)

Simulation lemma (1)

Instance is satisfiable < Jeq,...e, € {0,1} such that

(1,0,e1,...,en) ~" (n+1,B)
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Tell me more...

Why SUBSET-SUM ?
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Tell me more...

Why SUBSET-SUM ?
@ Configuration encoding: ¢ = (i,0,¢j,...,en)
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Tell me more...

Why SUBSET-SUM ?
@ Configuration encoding: ¢ = (i,0,¢j,...,en)

o i g

¢(C): 006‘, .-+ En
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Tell me more...

Why SUBSET-SUM ?
@ Configuration encoding: ¢ = (i,0,¢j,...,en)

o i 2P + 529 >

g
c) = _
¢( ) 00 <o & «.- &En (6’21+€I+122+
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Tell me more...

Why SUBSET-SUM ?
@ Configuration encoding: ¢ = (i,0,¢j,...,en)

o i 2P + 529

g
¢(C) - 0 0 S Ef ... En - (6,’21 +€j+1272 =+ >

@ Transitions: ¥(c) ~ ¥(c’)
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Tell me more...

Why SUBSET-SUM ?
@ Configuration encoding: ¢ = (i,0,¢j,...,en)

o i 2P + 529

g
¢(C) - 0 0 S Ef ... En - (6,’21 +€j+1272 =+ >

@ Transitions: ¥(c) ~ ¥(c’)

ol i o

06,':02 ~>

0. 0 OE[+1...€n
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Tell me more...

Why SUBSET-SUM ?
@ Configuration encoding: ¢ = (i,0,¢j,...,en)

w(e) = (OI 0’ en) :< [27P 4 o279 >

00 S Ef 6,’271+€,’+1272+"‘
@ Transitions: ¥(c) ~ ¥(c’)

ol i o ol i+1 o

06,':0:
0.0...OE[+1...€n 0.0...06,41...5”
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Tell me more...

Why SUBSET-SUM ?
@ Configuration encoding: ¢ = (i,0,¢j,...,en)

w(e) = (OI 0’ en) :( [27P 4 o279 >

00 S Ef 6,’271+€,’+1272+"‘
@ Transitions: ¥(c) ~ ¥(c’)
ol i o (o.@ o )

06,':0:
0.0"‘OE[+1“'€I7 0.0...06,41...5”

o i g

05,‘:1: ~>

0‘ 0 1 €it1---En
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Tell me more...

Why SUBSET-SUM ?
@ Configuration encoding: ¢ = (i,0,¢j,...,en)

w(e) = (OI 0’ en) :( [27P 4 o279 >

00 S Ef 8,’271+€,’+1272+"‘

@ Transitions: ¥(c) ~ ¥(c’)

ol i o ol i+1 o

oc; =0: ~
0.0"‘OE[+1“'€I7 0.0...06,41...5”
. (o 0 i+1 o+A

oc; = . N>
! 0‘0...15,'_'_1...6” 0‘0"‘051'4-1"'5”
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And then were the regions...

ol il g

17/)(0): 0061 .- En
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And then were the regions...

ol il g

00.6, .- En

0 g
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And then were the regions...

ol i g

0.0...81' .+ En

Transition on R o

| f@) - (X +y2_p)

0o v
09557 vs2552

02525227 022207

755550 vs2252

02.55%° 022207

022527 022202,

0225020 020000

’ 022202

'R~ 022007

=0 ARIKA vooooo0
i = 0o LY voo0
0000000 022202

09552 02552

025527 022207

055557 vs2052

02,5027 022207

022522" 022202

09502 09557,

0225227 022202

Lol

O V22007
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And then were the regions...

ol i g

(). () 0ao E:i .+ En
Transition on R; o

f@ B (X +y2_p>

Transition on R; 1

f(X) = x+2P+A27°9
y) y—27"

////////

v

TISSISSISSISSISSISST
ANANUINNNNNNNNNNNNNY

o
_+_
—_

—_
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And then were the regions...

0. 7

Y(c) = olol-Te] - Jen Transition on R; o

f(X
y

)-(7)

g =1 Ri1 Transition on R 4

f(x
y

)

X+27P+ A,-2—q
y—2"

)

f is not continuous

gi=0 Mo —— 1
I - IV 7
0 pos
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Ok, the actual proof is slightly more complicated...
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.horribly more complicated

A
YIIII I 7777707777777777777777
YIIII I I I I 7 I I I 71 7777777777777

YIIIITIIIIIIII I I I IV I 70777

;
7 RM.(at27P+AR279,b—1*7")77

NN
NN
0

45~

357!

24~

2=k 2P+ (B+1—-A)279 j2P42-P1

(*):((i+1)2=P42-P~1 (b —3)(2-P—1—(B+1)279),0)
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Conclusion

Reachability in piecewise affine systems:

Amaury Pouly et al. Complexity of bounded PAF reachability September 23, 2014 17 /17



Conclusion

Reachability in piecewise affine systems:
@ undecidable for d > 2
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Conclusion

Reachability in piecewise affine systems:
@ undecidable for d > 2
@ NP-complete for d > 2 (bounded time variant)
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Conclusion

Reachability in piecewise affine systems:
@ undecidable for d > 2
@ NP-complete for d > 2 (bounded time variant)
@ open problem for d = 1
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Questions ?

@ Do you have any questions ?
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